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Abstract
We study entanglement properties of systems with spontaneously broken continuous symmetry.
We find that in addition to the expected area law behavior, the entanglement entropy contains
a subleading contribution which diverges logarithmically with the subsystem size in agreement
with the Monte Carlo simulations of A. Kallin et. al. (Phys. Rev. B 84, 165134 (2011)). The
coefficient of the logarithm is a universal number given simply by NG (d−1)2 where NG is the number
of Goldstone modes and d is the spatial dimension. This term is present even when the subsystem
boundary is straight and contains no corners, and its origin lies in the interplay of Goldstone modes
and restoration of symmetry in a finite volume. We also compute the “low-energy” part of the
entanglement spectrum and show that it has the same characteristic “tower of states” form as
the physical low-energy spectrum obtained when a system with spontaneously broken continuous
symmetry is placed in a finite volume.
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I. INTRODUCTION
In recent years there has been a lot of theoretical interest in entanglement properties of
quantum states of matter. Entanglement has proved to be a useful probe of non-local corre-
lations for both gapless and gapped systems. The most commonly used characterization of
entanglement is the entanglement entropy S = −tr(ρA log ρA), defined as the von Neumann
entropy associated with the reduced density matrix ρA of a subsystem. A close relative of
the entanglement entropy is the Renyi entanglement entropy Sn = − 1n−1 log tr(ρnA).
To date, the most impressive progress has been made in the study of entanglement entropy
of one dimensional critical states. Here, it has been shown1,2 that for systems described by
conformal field theories (CFT’s) the entanglement entropy of a system of length L behaves
as,
S =
c
3
logL/a+ γ (1.1)
where a is the short distance cut-off. The coefficient c is a universal number known as the
central charge of the CFT. The subleading constant γ depends on the system geometry (e.g.
the ratio of the subsystem size to the full system size). Although γ is not fully universal
as is clear from the cut-off dependence of (1.1), it is universal up to an additive constant.
The universal behavior of the entanglement entropy (1.1) has proved useful for extraction of
the central charge of the governing CFT in numerical density-matrix renormalization group
(DMRG) studies of one-dimensional critical systems.
Our present understanding of entanglement in dimension d > 1 is far less complete.
However, it is generally expected that for both critical and non-critical systems the leading
contribution to the entanglement entropy scales as the area of the subsystem boundary A,
S = CA/ad−1.1 This “area law” contribution is related to short-range entanglement in the
vicinity of the boundary, and as a result, the proportionality constant C is non-universal.
However, for critical scale invariant systems one expects a subleading, fully universal, geo-
metric contribution γ to the entanglement entropy,
S = C
A
ad−1
+ γ (1.2)
The scaling form (1.2) is believed to hold for scale invariant systems in d = 2 with arbitrary
smooth subsystem boundary and in d = 3 with flat subsystem boundary.5–8 Additional
logarithmic contributions are expected in d = 2 if the boundary has sharp corners and in
d = 3 if the boundary is curved. We note that all the above stated results/hypotheses on the
entanglement entropy apply also to the Renyi entanglement entropy Sn, with the constants
C and γ acquiring a dependence on n.
The scaling hypothesis (1.2) relies on the following argument. The entanglement entropy,
being a dimensionless quantity, can only depend on ratios of length (or energy) scales.
1 A notable exception is provided by systems with a Fermi-surface, where the area law receives a multi-
plicative logarithmic correction.3,4
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However, in a scale invariant theory, the only two length scales are the total system size L
and the short distance cut-off a, with the corresponding energy scales 1/Lz and 1/az, where
z is the dynamical critical exponent. Thus, any dependence of the entanglement entropy on
the system size must come together with the dependence on the short distance cut-off. The
variation adS
da
comes from short-range entanglement in the vicinity of the boundary and is
expected to take the form of some local geometric quantity integrated over the boundary
area. If the boundary is straight and has no corners, there are no non-trivial local geometric
quantities, and the only possible cut-off dependent contribution to the entanglement entropy
is proportional to the integral of 1 over the boundary, i.e. the boundary area, in accord with
Eq. (1.2). On the other hand, in two dimensions, if the boundary of the subsystem has
corners, each corner can contribute a constant to adS
da
resulting in an entanglement entropy
which depends logarithmically on a and hence on L. For a generalization of these arguments
to curved boundaries, see Refs. 9–11.
In a recent breakthrough it has become possible to extract the Renyi entanglement en-
tropy of quantum systems using Monte-Carlo simulations.12 One of the first applications of
the method of Ref. 12 has been to study the entanglement entropy of a spin-1/2 Heisenberg
model on a two-dimensional square lattice.13 The Monte-Carlo simulations were performed
using a torus geometry, with the subsystem being either a cylinder or a square. As expected,
the leading contribution to the Renyi entanglement entropy was found to scale linearly with
the system size. However, surprisingly, a subleading logarithmic correction was observed for
both geometries studied.
The ground state of the Heisenberg model on a two-dimensional square lattice is known
to spontaneously break the SU(2) spin-rotation symmetry to a U(1) subgroup. Thus, in the
infinite volume limit the ground state is infinitely degenerate and the ground state manifold
is a two-dimensional sphere, whose points are labeled by the orientation of the Ne´el order
parameter ~n. The low energy excitations above a particular ground state are two linearly
dispersing Goldstone bosons, known as spin-waves. The interactions between the spin-waves
are irrelevant in the low-energy limit and one, thus, simply obtains a theory of two free scalar
bosons. Naively, this theory is scale invariant and so according to Eq. (1.2), one does not
expect any subleading logarithmic contributions to the entanglement entropy as long as the
boundary of the subregion is smooth, e.g. for the cylindrical subregion geometry. For the
square subregion geometry, one could attribute the logarithmic correction to the corners of
the boundary, however, the Monte-Carlo estimate of the coefficient of the logarithm differs
both in sign and by one order of magnitude compared to the previous calculation based on
a free bosonic field theory.8
The caveat to the above discussion is that a system with a spontaneously broken contin-
uous symmetry is, in fact, not scale invariant at low energy in the same way that a CFT
is. The reason for this is that symmetry is always restored in a finite volume and instead
of the degenerate vacuum manifold one has a unique ground state and a “tower” of excited
states carrying a definite charge under the symmetry group. For instance, in the case of the
Heisenberg model with its SU(2) → U(1) symmetry breaking, the tower of states can be
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described by an effective Hamiltonian,
Htower =
c2~S2
2ρsV
(1.3)
where ~S is the total spin of the system, c is the spin-wave velocity, ρs is the spin-stiffness
and V is the volume of the system. Note that the spacing between the energy levels of the
tower scales as V −1 = L−d. For system dimension d > 1, where spontaneous breaking of
continuous symmetry is possible, this spacing is much smaller than the spin-wave gap c/L.
Thus, in a system with spontaneous breaking of continuous symmetry, to a given length
scale L there correspond two infra-red energy scales: the tower of states spacing c2/(ρsL
d)
and the spin-wave gap c/L. The ratio of these energy scales c
ρsLd−1 corresponds to the
square of the magnitude of order parameter fluctuations associated with a spin-wave mode
(normalized by the total size of the order parameter manifold). In general, we expect the
entanglement entropy to depend on this ratio, so by dimensional analysis
S = S(L/a, ρsL
d−1/c) (1.4)
Note that in the large L limit, ρsL
d−1/c is much greater than one.2 In this paper, we
demonstrate that for a system with O(N) → O(N − 1) symmetry breaking, for a smooth
subsystem boundary in d = 2 (straight boundary in d = 3),
S = C
A
ad−1
+ b log(ρsL
d−1/c) + γord, b =
N − 1
2
(1.5)
Thus, the entanglement entropy contains an extra subleading term which diverges logarith-
mically with the system size. The coefficient of this term b is directly expressed in terms
of the number of Goldstone modes N − 1. In particular, for the case of the Heisenberg
antiferromagnet N = 3, b = 1. We note that in addition to the logarithmic correction in
Eq. (1.5) there also appears a finite constant γord that depends on the system geometry.
Unlike in the case of entanglement entropy in one dimension, Eq. (1.1), where the presence
of a logarithm rendered γ universal only up to an additive contribution, here γord is fully
universal, as all the short-distance physics is absorbed into the order-parameter stiffness ρs
and the Goldstone velocity c. Given a subsystem geometry, our calculation method allows
us to determine γord numerically; in Fig. 1 we present the result for the geometry studied in
the Monte-Carlo simulations of Ref. 13,19.
2 Clearly, for L → ∞, the quantity ρsLd−1/c  1. One can, however, ask if this quantity can become of
O(1) or smaller in a system close to a continuous phase transition into an antiferromagnetically disordered
phase where ρs → 0. For the effective low-energy description of the antiferromagnet to apply, we need the
system size L to be much larger than the correlation length of the system ξ, thus, ρsL
d−1/c ρsξd−1/c.
A priori, there need not be a relation between ρs and ξ. However, for all quantum phase transitions known
to the authors, ρsξ
d−1/c either goes to a constant at the transition or diverges.
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FIG. 1: The universal constant contribution γord, Eq. (1.5), to the Renyi entropy S2 of the O(3)
non-linear σ-model in dimension d = 2 (describing e.g. the square lattice Heisenberg model). In
the geometry studied here, the total system is a torus of size L × L, while the subsystem is a
cylinder of size ` × L. The details of the calculation are described in section III C. The solid line
is a guide to eye.
We also extend the result (1.5) to the case when d = 2 and the boundary has corners, or
d = 3 and the boundary is curved. Here we obtain,
S = C
A
ad−1
+ b′ logL/a+ b log(ρsLd−1/c) + γord, b =
N − 1
2
(1.6)
The coefficient b′ can be computed in a free theory of Goldstone fields. For instance, for the
d = 2 case with corners,
b′ = (N − 1)
∑
i
bcorn(ϕi) (1.7)
The sum in Eq. (1.7) is over the corners of the boundary; bcorn(ϕi) denotes the corner log
coefficient in a free scalar bosonic theory. This coefficient depends on the corner angle ϕi
and has been computed in Ref. 8.
In addition to the entanglement entropy, we compute the Renyi entropies Sn, which
are also found to satisfy the scaling forms in Eqs. (1.5), (1.6). The coefficient of the area
law C now depends on the replica index n, so does the finite size constant γord and the
corner/curvature coefficient b′. However, the coefficient of the logarithmic correction b is
found to be independent of the replica index.
We also study the full low energy spectrum of the entanglement Hamiltonian HE defined
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in terms of the reduced density matrix of the subsystem ρA as ρA = exp(−HE). We find,
HE =
~S2A
2I
+
∑

 a†a (1.8)
Here ~SA denotes the O(N) spin of the subsystem and a, a
†
 are bosonic annihilation/creation
operators. The first term in Eq. (1.8) has the same form as the tower of states sector (1.3) of
the physical Hamiltonian, while the second term is harmonic. The coefficient I to logarithmic
accuracy is given by
I =
ρs
2pi
A log(L/a) (1.9)
The gaps  in the harmonic sector are found to scale as (logL/a)−1. Thus, in d > 1
where spontaneous breaking of continuous symmetry is possible, the entanglement gap in
the tower of states sector I−1 ∼ (Ld−1 logL/a)−1 is parametrically smaller than the gap in
the harmonic sector.
We note that recent DMRG studies of the entanglement spectrum in the superfluid phase
of the 2d bosonic Hubbard model are in reasonable agreement with our analytical result
(1.8).15 In particular, Ref. 15 has observed a tower of states structure of the low-lying
entanglement spectrum with the entanglement gap scaling inversely with the length of the
subsystem boundary, as predicted in Eq. (1.9). Note that in a superfluid, the system displays
spontaneous breaking of U(1) ≡ O(2) symmetry, so the role of ~SA is played by the subsystem
particle number NA (more precisely, its deviation from the ground state expectation value
δNA = NA − 〈NA〉). The higher lying states in the entanglement spectrum were found
in Ref. 15 to exhibit a much weaker system size dependence, consistent with our result
 ∼ (logL/a)−1.
For O(2) symmetry, the result (1.8) also applies to 1d superfluids/XY magnets, which
are described by Luttinger liquid theory. For this 1d case, the tower of states gap and the
harmonic gap in the entanglement spectrum scale in the same way as (logL/a)−1. This is not
surprising: Luttinger liquid theory is a CFT, and a powerful result on 1d CFTs states that
the entanglement spectrum of a segment of length ` embedded in an infinite line is identical
to the physical spectrum of the system on an open segment of length `strip =
1
pi
log `/a.1 Thus,
for d = 1, the first term in Eq. (1.8) is the tower of states part of the physical spectrum
on an open segment and the second term is the spin-wave part of the physical spectrum on
an open segment. We stress that such direct full correspondence of physical spectrum and
entanglement spectrum is exact only in d = 1. We also note that recent DMRG simulations
of Ref. 16 have provided a numerical confirmation of this correspondence for a number of
systems described by 1d CFTs, including the superfluid phase of the 1d Bose-Hubbard model
and the Luttinger-liquid phase of the XXZ chain.
The results of the present paper are based on the analysis of the O(N) non-linear σ-
model, which provides the full low-energy description of the system. We find the ground
state wave-function for the non-linear σ-model in a finite volume, compute the reduced
density matrix ρA and obtain its spectrum, Eq. (1.8). From this spectrum, we then compute
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the entanglement entropy. This procedure is very similar to the correlation matrix technique
used to find the entanglement spectrum and entanglement entropy in a free bosonic field
theory,14 except we pay special attention to the compact nature of the order parameter
manifold. We also separately confirm the result on entanglement entropy (1.5) by performing
replica method calculations on the non-linear σ-model in the path-integral formulation (see
Appendix). We stress that all our results are exact in the large system limit.
Curiously, to get an intuition about our exact results it is sufficient to consider a simple
quantum mechanical model of two coupled quantum O(N) rotors ~nA and ~nB, representing
the average order parameter in subsystem A and its complement B,
H =
c2~L2A
2ρsVA
+
c2~L2B
2ρsVB
− J~nA · ~nB (1.10)
Here ~LA,B is the angular momentum of each rotor. VA, VB and V denote the volumes of
each subsystem and of the total system respectively. We choose the coupling J ∼ ρsLd−2
appropriately to reflect the finite order-parameter stiffness of the system. One finds that the
entanglement Hamiltonian corresponding to the ground state wave-function of this model,
indeed, has a tower of states form and reproduces the logarithmic correction to the entan-
glement entropy in Eq. (1.5).
We would like to note that the presence of logarithmic corrections to the entanglement
entropy of a Heisenberg antiferromagnet has been theoretically pointed out previously in
Ref. 17. The authors of Ref. 17 have used the spin-wave (large S) expansion of the Heisen-
berg model. The effect of symmetry restoration in a finite volume has been mimicked by
an application of a staggered magnetic field h ∼ 1/V 2, suitably chosen to give a zero net
staggered moment. The final step of the calculation of the entanglement entropy has been
performed numerically and finite size scaling was used to extract the coefficient of the loga-
rithmic divergence b ≈ 0.93. This value is quite close to our exact result b = 1. Furthermore,
we have repeated the calculation in Ref. 17 for system sizes up to 100× 200 sites and found
that b approaches unity (within a percent) as the system size is increased.3 While our cal-
culation of the coefficient b agrees with the semi-numerical method of Ref. 17, our approach
has the advantage of being exact: in particular, it correctly treats the compactness of the
order parameter and does not rely on the 1/S expansion.
An attempt to make a connection between the restoration of symmetry in a finite volume
and the appearance of subleading logarithmic terms in the entanglement entropy has also
been made in Ref. 13. Here the authors started with a mean-field Ne´el state of a Heisenberg
antiferromagnet and averaged it over all orientations of the order parameter. The entangle-
ment entropy of the resulting spin-singlet state was found to be S = logN = d log(L/a),
where N is the total number of lattice sites (here and below we drop the constant piece
3 We also note that the calculation in Ref. 17 can be reformulated using the Schwinger boson represen-
tation of spin operators. This yields an SU(2) spin-symmetric mean-field ansatz wavefunction for the
antiferromagnetic state that breaks the SU(2) symmetry spontaneously in the thermodynamic limit.18
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in S). However, this approximation is too crude: it gives the coefficient of the logarithmic
divergence to be b = d/(d− 1), instead of our exact result b = 1. The physical reason why
the approach of Ref. 13 fails is that it does not take into account the existence of spin-waves,
while as we have argued above, the presence of both the tower of states and spin-waves is
crucial for the logarithmic correction to entanglement entropy in Eq. (1.5). The estimate
of Ref. 13 for an antiferromagnet is physically similar to the exact result one obtains in
the case of a free Bose gas where S = 1
2
logN = d
2
logL/a, with N - the total number of
particles and a - the average interparticle distance. On the other hand, for an interacting
Bose gas, i.e. a superfluid, our result, Eq. (1.5), with N = 2 gives a logarithmic correction
∆S = d−1
2
log
(
(ρs/c)
1/(d−1)L
)
. Thus, based on entanglement entropy we can distinguish a
free Bose gas, where no Goldstone boson is present, from an interacting superfluid, which
has a Goldstone mode.
This paper is organized as follows. As a warm-up, we begin by calculating the entangle-
ment properties of the toy rotor model (1.10) in section II. In section III, we determine the
ground state wave-function of the O(N) non-linear σ-model and use it to compute the enta-
glement spectrum and the entanglement entropy. Some concluding remarks are presented in
section IV. In the appendix, we give an alternative calculation of the entanglement entropy
in the O(N) non-linear σ-model using the replica method and show that the result is in
complete agreement with of our wave-function calculation in section III.
II. WARM UP: ROTOR MODEL.
In this section, we calculate the Renyi entropy in the model (1.10), describing two quan-
tum O(N) rotors ~nA and ~nB of unit length. These rotors are taken to represent the average
orientation of the order parameter in subsystems A and B. We choose the coupling J be-
tween the rotors in the following way. Recall that when the system is placed in a box of size
L, the energy cost to twist the order parameter by an angle θ between the two sides of the
box is related to the order-parameter stiffness ρs via,
ρs =
1
Ld−2
∂2E
∂θ2
∣∣∣∣
θ=0
(2.1)
Thus, we take J ∼ ρsLd−2. Note that this value of J is approximate and should be under-
stood in a scaling sense only.
To find the spectrum of the model (1.10) it is convenient to first work with the Lagrangian
formulation,
L =
ρsVA(∂τ~nA)
2
2c2
+
ρsVB(∂τ~nB)
2
2c2
− J~nA · ~nB (2.2)
Let us introduce the average and relative coordinates ~n and δnα via,
~nA = ~n
√
1− a2(δnα)2 + a~eαδnα, a = VB/(VA + VB)
~nB = ~n
√
1− b2(δnα)2 + b~eαδnα, b = −VA/(VA + VB) (2.3)
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Here, ~n2 = 1, and ~eα are (N − 1) unit vectors forming an orthonormal set together with
~n. We expect the fluctuations of the average coordinate ~n to be parametrically slower than
those of the relative coordinate δn. Moreover, we expect the fluctuations of δn to be small.
Therefore, expanding the Lagrangian (2.2) to leading order in δn and in derivatives of ~n we
obtain,
L ≈ Ln + Lδn (2.4)
Ln =
ρsV
2c2
(∂τ~n)
2 (2.5)
Lδn =
ρsVr
2c2
(∂τδnα)
2 +
J
2
(δnα)
2 (2.6)
Here V = VA +VB is the total volume and Vr = VAVB/(VA +VB) is the reduced volume. We
see that the Lagrangians of the average and relative coordinates decouple. The dynamics of
the average coordinate ~n are governed by the quantum rotor Lagrangian (2.5); the associated
Hamiltonian
Hn =
c2~L2total
2ρsV
, ~Ltotal = ~LA + ~LB, (2.7)
is, indeed, the appropriate “tower of states” Hamiltonian describing the lowest energy exci-
tations of a system with spontaneous symmetry breaking. Here Lab = −i
(
na ∂
∂nb
− nb ∂
∂na
)
,
a, b = 1 . . . N , are angular momentum operators, i.e. generators of O(N) rotations of ~n,
and hence of ~nA, ~nB. They can, thus, be identified with the total O(N) angular momentum
(spin) of the system. We use the short-hand ~L2total =
∑
a<b L
2
ab, which is also equal to the
Laplacian, −∇2, on the ~n sphere.
The dynamics of the relative coordinate δn are governed by the Lagrangian (2.6) describ-
ing an N − 1 dimensional harmonic oscillator. The frequency of this harmonic oscillator is
given by
ω =
√
c2J
ρsVr
∼ c
L
(2.8)
In the true physical system, the spectrum of the “relative motion” involves N −1 Goldstone
modes with a dispersion ω = c|~k|, where the momentum ~k is quantized in a finite geometry.
Our rotor model (1.10) replaces this multi-mode spectrum with a single N − 1 dimensional
oscillator whose energy (2.8) is of order of the finite-size gap of the Goldstone modes. It
turns out that such a replacement is sufficient for capturing the logarithmic contribution to
the entanglement entropy in Eq. (1.5).
The ground-state wave-function corresponding to the Lagrangian (2.4) is a product of a
~Ltotal = 0 wave-function of the rotor Hamiltonian (2.7) and the ground state wave-function
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of the harmonic oscillator (2.6),
ψ(~n, δn) =
1√|SN−1| 1(piξ2)(N−1)/4 exp (−(δnα)2/(2ξ2))
≈ 1√|SN−1| 1(piξ2)(N−1)/4 exp (−(~nA − ~nB)2/(2ξ2)) (2.9)
Here, |SN−1| = 2piN/2/Γ(N/2) is the volume of a unit sphere SN−1 and
ξ =
(
c2
ρsVrJ
)1/4
∼
(
c
ρsLd−1
)1/2
 1 (2.10)
Note that the condition ξ  1 guarantees that the amplitude of the relative fluctuations is,
indeed, small.
We proceed to compute the reduced density matrix ρA from the wave-function (2.9),
ρA(~nA, ~n
′
A) =
∫
d~nB ψ(~nA, ~nB)ψ
∗(~n′A, ~nB) (2.11)
The contributions to the integral over ~nB above come from |~nA − ~nB|, |~n′A − ~nB| ∼ ξ  1.
Therefore, ρA(~nA, ~n
′
A) is non-negligible only for |~nA− ~n′A|  1. We may change variables in
Eq. (2.11) to δ~n = ~nA − ~nB and, to leading order, take both δ~n and ~nA − ~n′A to lie in the
tangent plane of ~nA. The integral over δ~n then becomes Gaussian and gives,
ρA(~nA, ~n
′
A) =
1
|SN−1| exp
(−(~nA − ~n′A)/(4ξ2)) (2.12)
Since ~L2 = −∇2 is just the Laplacian on the sphere, we may use the heat kernel expansion
〈~n|e−s~L2|~n′〉 → 1
(4pis)(N−1)/2
exp(−(~n− ~n′)2/(4s)), s→ 0 (2.13)
Thus, as ξ  1, we may write,
ρA ≈ (4piξ
2)(N−1)/2
|SN−1| e
−ξ2~L2A (2.14)
Defining the entanglement Hamiltonian HE as ρA = exp(−HE), we obtain,
HE = ξ
2~L2A + const (2.15)
Hence, the entanglement Hamiltonian has the same form as the physical tower of states
Hamiltonian (2.7). The entanglement gap in Eq. (2.15) is found to scale as ξ2 ∼ c
ρsLd−1 . In
the next section we will perform an analysis of the full non-linear σ-model, instead of the
toy rotor model studied here, revealing that the lowest branch of the exact entanglement
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Hamiltonian, indeed, has a tower of states form HE =
~L2A
2I
, with I given by Eq. (1.9). Thus,
up to a logarithmic factor, the scaling of the entanglement gap in Eq. (2.15) agrees with the
exact result (1.9). Note that ξ in Eq. (2.15) is determined via Eq. (2.10) by the coupling
J of the rotor model that we simply postulated to scale as J ∼ ρsLd−1. By choosing J
appropriately, we can force the tower of states spectrum (2.15) to match the exact result
(1.9).
We can now compute the Renyi entropy of the rotor model. From Eq. (2.14)
tr(ρnA) ≈
(4piξ2)n(N−1)/2
|SN−1|n tr(e
−nξ2L2A) ≈ (4piξ
2)(n−1)(N−1)/2
|SN−1|n−1n(N−1)/2 (2.16)
where we’ve used Eq. (2.13) in the last step. Therefore,
Sn = − 1
n− 1 log tr(ρ
n
A) =
N − 1
2
(
log
1
4piξ2
+
log n
n− 1
)
+ log |SN−1| (2.17)
∼ N − 1
2
log
ρsL
d−1
c
(2.18)
Note that if we wish to interpret the result (2.18) in terms of the actual physical system
rather than the toy rotor model, we must remember that Eq. (2.18) only captures the
contribution of the lowest branch of the entanglement spectrum given by Eq. (2.15). There
will also be a contribution from the higher lying part of the entanglement spectrum. In
the next section, we will determine this higher lying part, and show that it contributes a
standard area law term to the Renyi entropy, so we identify the Renyi entropy of the rotor
model, Eq. (2.18), with the logarithmic correction in Eq. (1.5). In addition, since the result
(2.17) depends on ξ (J), and hence on the details of the spectrum of “relative fluctuations”
(Goldstone modes), it is only logarithmically accurate. In particular, it does not capture
the universal geometric constant γord of Eq. (1.5).
4 However, our full calculation in the next
section will allow us to determine γord, as well.
III. WAVE-FUNCTION METHOD.
In this section, we calculate the entanglement entropy in the O(N) non-linear σ-model
using the wave-function method. The action of the theory is given by,
S =
ρs
2
∫
ddxdτ
(
1
c2
(∂τ~n)
2 + (∇~n)2
)
(3.1)
4 If we choose J to reproduce the exact gap in the tower of states sector of the entanglement spectrum (1.9),
strictly speaking, Eq. (2.18) will also contain a log logL/a term. It turns out that this term combines with
the contribution from the higher lying modes in the entanglement spectrum to give an overall area-law
contribution.
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with na, a = 1 . . . N , an N -dimensional unit vector. We will set the spin-wave velocity c = 1
below and restore it in the final results. For simplicity, we consider the theory on a spatial
torus, although a system with open boundaries can be treated with minimal modifications.
Following the standard treatment, we write
~n(~x, τ) = ~n0(τ)
√
1− p˜iα(~x, τ)p˜iα(~x, τ)
ρs
+
~eα(τ)p˜iα(~x, τ)√
ρs
(3.2)
Here, α = 1 . . . N − 1. ~n0 and ~eα are unit vectors that together form an orthonormal basis:
~n0 · ~eα = 0, ~eα · ~eβ = δαβ. The fields p˜iα are constrained to satisfy,∫
ddx p˜iα(~x, τ) = 0 (3.3)
The vector ~n0(τ) describes the (slow) fluctuations of the overall direction of the order pa-
rameter in the system, while p˜iα(~x, τ) describe the spin-wave fluctuations. Expanding the
action (3.1) to leading order in p˜iα, we obtain
S =
ρsV
2
∫
dτ(∂τ~n0)
2 +
1
2
∫
ddxdτ
(
(∂τ p˜iα)
2 + (∇p˜iα)2
)
(3.4)
where V is the volume of the system. We remind the reader that higher order terms in the
expansion in p˜iα are irrelevant in the RG sense for d > 1. Thus, to leading order the motion
of ~n0 and p˜iα decouples. The Hamiltonian corresponding to the action (3.4) is given by,
H = Htower +Hsw (3.5)
where Htower desribes the ~n0 sector and Hsw - the p˜iα sector. The action for ~n0 is that of a
particle on a unit sphere, so
Htower =
~L2
2ρsV
(3.6)
Here Lab = −i
(
na0
∂
∂nb0
− nb0 ∂∂na0
)
are angular momentum operators, i.e. generators of O(N)
rotations of ~n0, and hence of ~n. They can, thus, be identified with the total O(N) angular
momentum (spin) of the system. We use the short-hand ~L2 =
∑
a<b L
2
ab, which is also equal
to the Laplacian, −∇2, on the ~n0 sphere.
The action for p˜iα is quadratic, so the spin-wave Hamiltonian takes the form
Hsw =
∑
~k 6=0
|~k|a†~kαa~kα (3.7)
where
p˜iα(~x) =
1
V 1/2
∑
~k 6=0
1
(2|~k|)1/2
(
a~k,αe
i~k·~x + a†~k,αe
−i~k·~x
)
(3.8)
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and ~k are the momenta allowed by the periodic boundary conditions on the torus. Note
that the |~k| = 0 mode is missing from the sums (3.7), (3.8) due to the constraint (3.3). For
future reference, we introduce the static propagator,
〈p˜iα(~x)p˜iβ(~y)〉 = δαβD˜(~x, ~y) (3.9)
with
D˜(~x, ~y) =
1
V
∑
~k 6=0
1
2|~k|e
i~k·(~x−~y) (3.10)
Let us now write the ground-state wave-function(al) of the system, ψ[~n(~x)]. It is given
by a product of ground state wave-functions in the ~n0 and p˜iα sectors. The ground state in
the ~n0 sector carries zero angular momentum and the corresponding wave-function ψ(~n0) is
a constant. The ground state wave-function in the p˜iα sector is a Gaussian; its form can be
easily deduced by requiring that the wave-function reproduce the correlator (3.9). We, thus,
obtain
ψ[p˜iα] ∝ exp
(
−1
4
∫
ddxddy p˜iα(~x)Q˜(~x, ~y)p˜iα(~y)
)
(3.11)
where ∫
ddz Q˜(~x, ~z)D˜(~z, ~y) = δd(~x− ~y)− 1
V
(3.12)
i.e.
Q˜(~x, ~y) =
1
V
∑
~k 6=0
2|~k|ei~k·(~x−~y) = −4∇2D˜(~x, ~y) (3.13)
In Eq. (3.11) and below, we ignore the normalization of the wave-function as it will not be
essential for our purposes. Thus, the overall ground state wave-function of the system is,
ψ[~n] = ψ(~n0)ψ[p˜iα] ∝ exp
(
−1
4
∫
ddxddy p˜iα(~x)Q˜(~x, ~y)p˜iα(~y)
)
≈ exp
(
−ρs
4
∫
ddxddy na(~x)Q˜(~x, ~y)na(~y)
)
(3.14)
where the last equality holds to leading order in p˜iα.
Next, we divide our system into region A and its complement B and compute the reduced
density matrix ρA associated with region A (at this point we keep the shape of regions A
and B arbitrary).
ρA(~nA, ~n
′
A) =
∫
D~nB(~x)ψ(~nA, ~nB)ψ
∗(~n′A, ~nB) (3.15)
Here, ~nA(~x) and ~nB(~x) denote the values of ~n(~x) restricted to regions A and B, respectively.
Recall that we are considering configurations of ~n(~x) with small, smooth flucutations p˜iα(~x)
about a global direction ~n0, i.e. each ~n(~x) maps the space into some small patch of the
sphere. Since the values of ~nB in the two wave-functions in the integrand of Eq. (3.15) are
identified, we can also take ~nA(~x), ~n
′
A(~x), as well as ~nB(~x) to lie in the same small patch
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of the sphere. We then compute ρA(~nA, ~n
′
A) patch by patch. By rotational symmetry, it is
sufficient to compute ρA(~nA, ~n
′
A) in the patch centered at the North pole. Then, write
~n(~x) = (pia(~x)/
√
ρs,
√
1− pia(~x)pia(~x)/ρs) (3.16)
Here, the index a on pia(~x) runs over 1 . . . N − 1, and unlike p˜iα, pia(~x) is unconstrained.
Expanding ρA to leading order in pi,
ρA(~piA, ~pi
′
A) ∝
∫
DpiB(~x) exp
[
−1
4
(
~piTAQ˜AA~piA + ~pi
′T
A Q˜AA~pi
′
A + 2~pi
T
BQ˜BB~piB + 2(~piA + ~pi
′
A)
T Q˜AB~piB
)]
(3.17)
Here and below we use the short-hand notation vTOw =
∫
ddxddy v(~x)O(~x, ~y)w(~y). ~piA and
~piB denote ~pi(~x) restricted to regions A and B, respectively. Similarly, Q˜AA denotes Q˜(~x, ~y)
with both arguments restricted to region A, Q˜BB denotes Q˜(~x, ~y) with both arguments
restricted to region B, and Q˜AB denotes Q˜(~x, ~y) with ~x restricted to region A and ~y restricted
to region B. Performing the integral over piB in Eq. (3.17),
ρA(~piA, ~pi
′
A) ∝ exp
[
−1
8
(
2~piTAQ˜AA~piA + 2~pi
′T
A Q˜AA~pi
′
A − (~piA + ~pi′A)T Q˜ABQ˜−1BBQ˜BA(~piA + ~pi′A)
)]
(3.18)
where Q˜−1BB is defined with its arguments over region B and satisfies,∫
B
ddz Q˜−1BB(~x, ~z)Q˜BB(~z, ~y) = δ
d(~x− ~y) (3.19)
Note that although Q˜ defined over the entire system does not have an inverse due to the
presence of the ~k = 0 zero mode, Q˜BB - the restriction of Q˜ to region B generally does
possess an inverse. Now from Eq. (3.12) we deduce,
Q˜ABQ˜
−1
BBQ˜BA = Q˜AA − D˜−1AA +
D˜−1AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
(3.20)
where D˜−1AA is defined with its arguments over region A and satisfies,∫
A
ddzD˜−1AA(~x, ~z)D˜AA(~z, ~y) = δ
d(~x− ~y) (3.21)
Again, even though D˜ defined over the entire system does not possess an inverse, D˜AA
generally does. PA is also defined with its arguments over region A and is given by, PA(~x, ~y) =
1
VA
, with VA - the volume of region A. In other words, PA is the projector onto the constant
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mode v0(~x) =
1√
VA
over region A. Now using Eq. (3.20), ρA takes the form,
ρA(~piA, ~pi
′
A) ∝ exp
(
−1
8
(~piA − ~pi′A)T Q˜AA(~piA − ~pi′A)
)
× exp
(
−1
8
(~piA + ~pi
′
A)
T
[
D˜−1AA −
D˜−1AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
]
(~piA + ~pi
′
A)
)
(3.22)
Using Eq. (3.16), we can now rewrite ρA in terms of ~nA, ~n
′
A,
ρA(~nA, ~n
′
A) ∝ exp
(
−ρs
8
(~nA − ~n′A)T Q˜AA(~nA − ~n′A)
)
× exp
(
−ρs
8
(~nA + ~n
′
A)
T
[
D˜−1AA −
D˜−1AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
]
(~nA + ~n
′
A)
)
(3.23)
Note that O(N) invariance is now restored in Eq. (3.23) so it can be used on the entire
sphere (and not just in the vicinity of the North pole).
Next, we would like to deduce the spectrum of the reduced density matrix (entanglement
Hamiltonian). To do this, it is convenient to parametrize ~nA(~x) as,
~nA(~x) = ~NA
√
1− χα(~x)χα(~x)
ρs
+
~Eαχα(~x)√
ρs
(3.24)
Where ~NA and ~Eα, α = 1 . . . N−1, are unit vectors forming an orthonormal basis, ~NA · ~Eα =
0, ~Eα · ~Eβ = δαβ. We take the fields χα to satisfy the constraint,∫
A
ddxddy Q˜AA(~x, ~y)χα(~y) = 0 (3.25)
i.e., vT0 Q˜AAχα = 0. Note that with this constraint, generally v
T
0 χα 6= 0. Despite this non-
orthogonality, the measure on the ~NA, χα space inherited from the spherical measure on
~nA(~x) is, to leading order in χ, given by the product of a spherical measure on ~NA and a
flat measure on χα. Next we expand Eq. (3.23) to leading order in χα, as well as in ~N − ~N ′
(and also ~Eα − ~E ′α), obtaining
ρA(~nA, ~n
′
A) ∝ exp
(
−I
2
( ~NA − ~N ′A)2
)
× exp
(
−1
8
(χα − χ′α)T Q˜AA(χα − χ′α)
)
× exp
(
−1
8
(χα + χ
′
α)
T
[
D˜−1AA −
D˜−1AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
]
(χα + χ
′
α)
)
(3.26)
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where
I =
ρs
4
∫
A
ddxddy Q˜AA(~x, ~y) (3.27)
We see that ρA factors into a product of density matrices in the ~NA sector and in the χα
sector.
A. Tower of states sector of the entanglement Hamiltonian.
Let us first discuss the ~NA sector, where
ρA( ~NA, ~N
′
A) ∝ exp
(
−I
2
( ~NA − ~N ′A)2
)
(3.28)
We begin by computing the quantity I in Eq. (3.27). Using Eq. (3.13), we obtain
I = −ρs
∫
A
ddxddx′∇2D˜(~x, ~x′) = ρs
∫
A
ddxddx′
∂
∂xi
∂
∂x′i
D˜(~x−~x′) = ρs
∫
∂A
dSi
∫
∂A
dS ′i D˜(~x−~x′)
(3.29)
where ∂A represents the boundary of region A. By power counting, expression (3.29) scales
as `d−1, with ` - the size of region A. A more careful analysis reveals a multiplicative
logarithmic correction, whose coefficient can be extracted by focusing on the UV divergence
occuring in the region ~x→ ~x′ of the integrand. The short distance behavior of D˜(~x− ~x′) is
captured by taking the infinite system limit,
D˜(~x) ≈ Γ((d− 1)/2)
4pi(d+1)/2
1
|~x|d−1 , ~x→ 0 (3.30)
Substituting this into Eq. (3.29) and zooming on the ~x→ ~x′ divergence,
I ≈ ρs
∫
∂A
dS
∫
dd−1u
Γ((d− 1)/2)
4pi(d+1)/2
1
|~u|d−1 ≈
ρs
2pi
A log(`/a) (3.31)
with A - the area (length) of the boundary of A. Here we have cut-off the ~u integral by
the short-distance cut-off a in the UV and by the size ` of region A in the IR. Thus, I
scales as I ∼ ρs`d−1 log(`/a); in particular, I  1. Now, the reduced density matrix (3.28)
is negligibly small for ( ~NA − ~N ′A)2  I−1. This justifies the expansion in ~NA − ~N ′A we
performed when computing ρA. Furthermore, using the result of the heat kernel expansion
on the (N − 1) - dimensional unit sphere, Eq. (2.13), we may write,
ρA( ~NA, ~N
′
A) ∝ 〈 ~NA| exp(−H ~NE )| ~N ′A〉 (3.32)
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where the entanglement Hamiltonian H
~N
E is given by,
H
~N
E =
~L2A
2I
(3.33)
The angular momentum operators LA,ab acting on the ~NA space implement O(N) rotations
of the ~NA vector and hence of ~nA(~x). Therefore, we may identify LA,ab with the total O(N)
angular momentum (spin) of the region A. Thus, the entanglement Hamiltonian in the ~N
sector has the same tower of states form as the branch of the physical Hamiltonian (3.6).
The gap in the entanglement spectrum of H
~N
E scales as I
−1 ∼ (ρs`d−1 log `)−1.
There is an instructive consistency check that we may perform at this point. The reduced
density matrix ρA should reproduce all correlation functions of operators in subsystem A,
in particular, the fluctuations of the total angular momentum of A,
〈~L2A〉 = tr(~L2AρA) (3.34)
Since global O(N) rotations act only on the ~NA sector and not on the χα fields of Eq. (3.24),
it is sufficient to use the reduced density matrix in the ~NA sector to compute the right-hand-
side of Eq. (3.34). Thus,
tr(~L2AρA) =
tr(~L2Ae
−~L2A/(2I))
tr e−~L2A/(2I)
= (N − 1)I (3.35)
where in the last step we’ve used Eq. (2.13) together with the fact I  1. Thus, the
fluctuations of the subsystem O(N) spin scale as 〈~L2A〉 ∼ ρs`d−1 log `, as previously obtained
in Ref. 17.
At the same time, we can compute the left hand side of Eq. (3.34) by recalling that the
conserved currents associated with the O(N) symmetry of the non-linear σ-model (3.1) are
given by,
jµab(x) = −iρs (na∂µnb − nb∂µna) (3.36)
The angular momentum of region A is obtained by integrating the temporal component of
the current (3.36) over region A,
LA,ab =
∫
A
ddx jτab(~x) (3.37)
so
〈~L2A〉 =
∑
a<b
∫
A
ddxddy 〈jτab(~x, τ)jτab(~y, τ)〉 (3.38)
To compute the correlator 〈jτab(~x, τ)jτab(~y, τ)〉, we use the representation (3.2). Expanding ~n
in p˜iα and also recalling that ∂τ~n0 ∼ L−d  ∂τ p˜i ∼ L−(d+1)/2, we obtain
jτab ≈ −i
√
ρs(n
a
0e
b
α − nb0eaα)∂τ p˜iα (3.39)
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so
〈jτab(~x, τ)jτcd(~y, τ)〉 = −ρs〈(na0ebα − nb0eaα)(τ)(nc0edβ − nd0ecβ)(τ)〉〈∂τ p˜iα(~x, τ)∂τ p˜iβ(~y, τ)〉 (3.40)
Now,
〈∂τ p˜iα(~x, τx)∂τ p˜iβ(~y, τy)〉 = −δαβ∂2τ D˜(~x−~y, τx−τy) = δαβ(δd(~x−~y)δ(τx−τy)+∇2D˜(~x−~y, τx−τy))
(3.41)
with D˜(~x, τ) = 1
V
∑
~k 6=0
∫
dω
2pi
1
ω2+~k2
e−iωτ+i~k·~x. In computing the equal time-correlator (3.40)
we may set τx = τy + , → 0, to get rid of the δ(τx − τy) contact term in Eq. (3.41). Then
using eaα(τ)e
b
α(τ) = δ
ab − na(τ)nb(τ), and 〈na0(τ)nb0(τ)〉 = δ
ab
N
,
〈jτab(~x, τ)jτcd(~y, τ)〉 = −
2ρs
N
(δacδbd − δadδbc)∇2D˜(~x, ~y) (3.42)
Substituting this into Eq. (3.38), we obtain 〈~L2A〉 = (N − 1)I, in agreement with Eq. (3.35).
Thus, the reduced density matrix (3.32) correctly reproduces the fluctuations of the O(N)
spin of subsystem A.
B. “Spin wave” sector of the entanglement spectrum.
We now discuss the χα sector of the reduced density matrix (3.26). It is convenient
to make a change of variables from the χα fields satisfying condition (3.25) to ηα fields
satisfying, ∫
A
ddx ηα(~x) = 0 (3.43)
via
χα =
(
1− PAQ˜AA
tr(PAQ˜AA)
)
ηα (3.44)
Equivalently, ηα = (1− PA)χα. Substituting this into Eq. (3.26),
ρA(ηα, η
′
α) ∝ exp
(
−1
8
(ηα − η′α)T
[
Q˜AA − Q˜AAPAQ˜AA
tr(PAQ˜AA)
]
(ηα − η′α)
)
× exp
(
−1
8
(ηα + η
′
α)
T
[
D˜−1AA −
D˜−1AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
]
(ηα + η
′
α)
)
(3.45)
Note that
[
Q˜AA − Q˜AAPAQ˜AAtr(PAQ˜AA)
]
v0 = 0 and
[
D˜−1AA − D˜
−1
AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
]
v0 = 0, so we can think of
both operators as restricted to act in the space orthogonal to v0, i.e. in the ηα space.
The reduced density matrix (3.45) is quadratic in ηα, η
′
α, therefore, it can be written as an
exponential of a harmonic Hamiltonian. Indeed, recall that for the 1D harmonic oscillator
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Hamiltonian HSHO =
p2
2
+ 1
2
ω2x2,
〈x|e−HSHO |x′〉 ∝ exp
[
−ω
4
(coth(ω/2)(x− x′)2 + tanh(ω/2)(x+ x′)2)
]
(3.46)
Generalizing to the multi-component case, HSHO =
1
2
pTM−1p+ 1
2
xTKx, with x, p - vectors
and M , K - symmetric matrices,
〈x|e−HSHO |x′〉 ∝ exp
[
−1
4
(x− x′)TM1/2Ω coth(Ω/2)M1/2(x− x′)
]
× exp
[
−1
4
(x+ x′)TM1/2Ω tanh(Ω/2)M1/2(x+ x′)
]
(3.47)
where
Ω = (M−1/2KM−1/2)1/2 (3.48)
Of course, HSHO can be diagonalized as HSHO =
∑
  a
†
a, with  - eigenvalues of Ω.
Matching Eq. (3.45) to Eq. (3.47), we obtain,
ρA(ηα, η
′
α) = 〈ηα| exp(−HηE)|η′α〉 (3.49)
with
HηE =
1
2
(pη)TαM
−1pηα +
1
2
ηTαKηα =
∑
,α
 a†,αa,α (3.50)
and
M1/2Ω coth(Ω/2)M1/2 =
1
2
[
Q˜AA − Q˜AAPAQ˜AA
tr(PAQ˜AA)
]
M1/2Ω tanh(Ω/2)M1/2 =
1
2
[
D˜−1AA −
D˜−1AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
]
(3.51)
with Ω as before related to K and M via Eq. (3.48), and  - eigenvalues of Ω. Here,
[pηα(~x), ηβ(~y)] = −iδαβ(δd(~x − ~y) − 1VA ) and
∫
A
ddx pηα(~x) =
∫
A
ddx ηα(~x) = 0. All operators
K, M , Ω are understood to act in the space orthogonal to v0. From Eqs. (3.51), we obtain,
M1/2 coth2(Ω/2)M−1/2 =
[
Q˜AA − Q˜AAPAQ˜AA
tr(PAQ˜AA)
][
D˜−1AA −
D˜−1AAPAD˜
−1
AA
tr(PAD˜
−1
AA)
]−1
=
[
Q˜AA − Q˜AAPAQ˜AA
tr(PAQ˜AA)
]
(1− PA)D˜AA(1− PA) (3.52)
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Thus, coth2(Ω/2) is similar to operator
U =
[
Q˜AA − Q˜AAPAQ˜AA
tr(PAQ˜AA)
]
(1− PA)D˜AA(1− PA) (3.53)
and so the two have identical eigenvalues λ, which determine the entanglement spectrum
(3.50) through λ = coth2 /2. (Of course, the eigenvalue λ = 0 of U corresponding to the v0
eigenvector should be omitted).
We, thus, conclude that the entire entanglement Hamiltonian is the sum of Eq. (3.33)
and Eq. (3.50),
HE =
~L2A
2I
+
∑
,α
 a†,αa,α (3.54)
Next, we ask how do the eigenvalues  (i.e. the entanglement gaps) in the quadratic part
of Eq. (3.54) scale with the subsystem size `. It is useful to first answer this question in
dimension d = 1. Here our results are only meaningful in the case N = 2, i.e. for a one-
dimensional superfluid or XY magnet. In this case, one can re-derive all the above results
for the entanglement Hamiltonian by using a representation ~n(~x) = (cosφ(~x), sinφ(~x)) with
φ(~x) - a 2pi periodic variable. The Lagrangian of the theory is quadratic in φ,
L =
ρs
2
(∂µφ)
2 (3.55)
and we assume that phase slips of φ, if allowed by translational symmetry, are irrelevant in
the RG sense (i.e. the system is described by a Luttinger liquid). Now, the free compact
boson theory (3.55) in d = 1 is a CFT. Therefore, we can use a very general result on
1d CFTs: the entanglement spectrum for an interval of length ` embedded in an infinite
system is identical to the physical spectrum of the theory on an open strip of length `strip =
1
pi
log(`/a) (if the full system is a circle of length L, `strip =
1
pi
log( L
pia
sin(pi`
L
))).1 To find the
physical spectrum on an open strip, we need to specify boundary conditions at the ends
of the strip. By O(2) symmetry, these must be free (von-Neumann) boundary conditions:
∂xφ = 0. Then,
Hstrip =
L2z
2ρs`strip
+
∞∑
m=1
ma
†
mam (3.56)
with m =
pim
`strip
, and Lz ∈ Z - the O(2) angular momentum (spin) of the strip. We see that
the L2z part of the strip Hamiltonian (3.56) agrees exactly with our result for HE (3.54).
Indeed, the constant I, Eq. (3.29), in the 1d geometry studied is
I = 2ρs(D˜(0)− D˜(`)) = ρs
pi
log
(
L
pia
sin
(
pi`
L
))
= ρs`strip (3.57)
where we’ve used the expression for the 1d propagator D˜(x) = − 1
2pi
log(2 sin(pix/L)). As
for the harmonic part of the entanglement Hamiltonian, it should be possible to explicitly
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confirm the form m =
pim
`strip
by finding the eigenvalues of operator U (3.53), although we will
not do this here. An important observation is that in d = 1, the entanglement gaps in the
Lz sector and in the harmonic sector scale identically with the subsystem size as (log `/a)
−1.
As we will now see, this is no longer true in d > 1.
Proceeding to the case d > 1, it is convenient to consider a particular geometry, where
the spatial torus is divided into two cylinders A and B by straight cuts at x = 0 and x = `.
We label the directions parallel to the cuts as x‖. The cuts preserve translational invariance
of the system along x‖ directions. Therefore, the operators Q˜AA, D˜AA (and consequently U)
break up into sectors with definite momentum ~k‖ along the boundary of A and,
HηE =
∑
~k‖,m,α
m(~k‖)a
†
~k‖,m,α
a~k‖,m,α (3.58)
In the ~k‖ = 0 sector, U reduces to its form in d = 1. Therefore, from previous discussion,
m(~k‖ = 0) = pim/lstrip, with m ∈ N. In the ~k‖ 6= 0 sectors we have,
D˜AA(x, x
′;~k‖) =
1
Lx
∑
kx
1
2
√
k2x +
~k2‖
eikx(x−x
′), Q˜AA(x, x
′;~k‖) =
1
Lx
∑
kx
2
√
k2x +
~k2‖e
ikx(x−x′)
(3.59)
and U(~k‖) = Q˜AA(~k‖)D˜AA(~k‖). Thus, D˜AA(x, x′;~k‖) is just the restriction of the propagator
Dd=1(x, x
′; |~k‖|) for a one-dimensional free boson of mass |~k‖| to region A. Similarly, Q˜AA is
the restriction of Qd=1(x, x
′; |~k‖|) = D−1d=1(x, x′; |~k‖|) to region A. It is well known that for a
free massive boson (in any dimension), the entanglement Hamiltonian is of quadratic form,
HE =
∑
  a
†
a, with coth
2 /2 - eigenvalues of QAADAA.
14 Therefore, the entanglement
spectrum in the ~k‖ 6= 0 sector is the same as for a one-dimensional free boson of mass
|~k‖|. While we are not aware of a general analytical form for the entangement spectrum
of a 1d massive free boson for arbitrary m`, in the regime m`  1, the eigenvalues  are
known to scale as  ∼ (log |ma|)−1.14 Thus, for |~k‖|`  1, (~k‖) in Eq. (3.58) scales as
(~k‖) ∼ (log ||~k‖|a|)−1 ∼ (logL‖/a)−1, where L‖ is the length of the x‖ direction(s). Thus,
we conclude that in the present geometry the entanglement gap in the quadratic sector is
of order (log `/a)−1, with ` - the characteristic size of region A. We expect that this scaling
also holds for an arbitrary geometry. As we have already discussed, the entanglement gap
in the “tower of states” sector (3.33) scales as I−1 ∼ (ρs`d−1 log `/a)−1. Thus, in d > 1,
the entanglement gap in the “tower of states” sector is parametrically smaller than in the
harmonic sector.
Also, before we conclude this section, we note that when we take the total system size
L to infinity, the operator D˜(~x − ~x′) possess a finite limit, Eq. (3.30) in d > 1, as does
Q˜(~x − ~x′) = −4∇2D˜(~x − ~x′). Therefore, the entanglement spectrum (and entanglement
entropy) also have a finite limit when the subsystem size ` is kept fixed and L→∞.
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C. Entanglement entropy.
Having determined the full entanglement spectrum, we are ready to compute the entan-
glement (Renyi) entropy. From Eq. (3.54), we obtain the n-the Renyi entropy,
Sn = − 1
n− 1 log tr(ρ
n
A) =
N − 1
2
(
log
(
I
2pi
)
+
log n
n− 1
)
+ log |SN−1|
+ (N − 1)
∑

[
1
n− 1 (log sinh(n/2)− n log sinh(/2))− log 2
]
(3.60)
Observe that the only dependence of Sn on ρs comes from the
(N−1)
2
log I term in Eq. (3.60).
Therefore, we conclude based on dimensional analysis,
Sn = SUV,n(L/a) + ∆Sn(ρsL
d−1) (3.61)
with
∆Sn =
N − 1
2
log(ρsL
d−1) + γord,n (3.62)
and γord,n - a geometric constant. In the next section, we will explicitly show that SUV,n has
the same form as in a free boson theory,
SUV,n = (N − 1)SfreeUV,n(L/a) (3.63)
This result is not surprising. Indeed, when one alters the UV cut-off a, one integrates out
short-distance fluctuations of the order parameter - i.e. the high momentum Goldstone
modes piα(~k). These high momentum modes know nothing about the compactness of the
order parameter and the restoration of symmetry in finite volume; they are described entirely
by the free theory, L = 1
2
(∂µpiα)
2. Eq. (3.63) follows from this observation.
As already noted in the introduction, the structure of entanglement entropy in a free
boson theory is well understood. In particular, for a subsystem with a smooth boundary in
2d and a subsystem with a flat boundary in 3d,
SUV,n = Cn
A
ad−1
(3.64)
In this case, the geometric constant γord,n in Eq. (3.62) is fully universal. On the other hand,
for a subsystem in 2d whose boundary has corners,
SUV,n = Cn
A
ad−1
+ (N − 1)
∑
i
bcorn,n(ϕi) logL/a (3.65)
Here the sum is over the corners of the boundary and the coefficient bcorn,n(ϕi) depends on the
corner angle ϕi. For instance, for a 90
◦ degree angle one obtains, bcorn,n=1(pi/2) ≈ −0.012 for
the entanglement entropy proper and bcorn,n=2(pi/2) ≈ −0.0062 for the Renyi entropy with
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n = 2.8 Note that in this case, the logL divergences (3.65) associated with the corners and
the logL divergence (3.62) associated with the compactness of the order parameter add up
in the full entanglement entropy (3.61). Also note that in this case, γord,n in Eq. (3.62) is
universal only up to an additive contribution.
In the discussion above, we have written the scaling form (3.61) in terms of the total
system size L, assuming that the ratio of the subsystem size to the total system size `/L is
fixed. However, as explained in section III B, the entanglement spectrum and the entangle-
ment entropy have a finite limit L → ∞, with subsystem size ` fixed. In this limit, all the
scaling forms (3.61), (3.62) become functions of `.
Before we conclude this section, we note that given a specific geometry, the Renyi entropy
may be computed by regularizing the operator U (3.53) on the lattice, finding its eigenvalues
and performing the sum over  in Eq. (3.60). By fitting to the scaling form (3.61), (3.62),
one can then extract the geometric constant γord. We have followed this procedure for a
L × L 2d torus partitioned into two cylinders by cuts at x = 0 and x = `. By studying
systems with L up to 300 sites, we have verified the scaling form (3.61), (3.62), (3.64) and
obtained γord for several values of the ratio `/L. Fig. 1 presents our results for the Heisenberg
antiferromagnet case, N = 3.
D. Entanglement in a field.
In this section, we study the entanglement spectrum and entanglement entropy of the
system in the presence of a small symmetry breaking field ~h coupled to the order parameter
as,
δS = −M
∫
ddxdτ ~h · ~n (3.66)
Here, M is the expectation value of the order parameter. In the case of a Heisenberg
antiferromagnet the symmetry breaking field corresponds to a staggered magnetic field.
Using the representation (3.16) and expanding the action to leading order in ~pi
S =
1
2
∫
ddxdτ
(
(∂µ~pi)
2 +m2~pi2
)
(3.67)
with the mass m2 = hM/ρs. The static propagator of pia is given by
〈pia(~x)pib(~y)〉 = δabD(~x, ~y) (3.68)
D(~x, ~y) =
1
V
∑
~k
1
2
√
~k2 +m2
ei
~k·(~x−~y) (3.69)
We will consider the regime when the field induced Goldstone mass is much smaller than the
spin-wave gap 1/L, but much larger than the tower of states gap ∆tower ∼ 1/(ρsLd). In this
regime, the spectrum of spin-waves with finite momentum is unaffected by the symmetry
breaking field. On the other hand, the zero-momentum fluctuations of the order parameter
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about the staggered field are now small (of order (ρsmV )
−1/2  1) and described by a har-
monic oscillator with frequency m. Thus, in this field range, one may ignore the compactness
of the order parameter manifold and work with the free theory (3.67). Using m 1/L, we
may write,
D(~x, ~y) ≈ 1
2mV
+ D˜(~x, ~y), Q(~x, ~y) = D−1(~x, ~y) ≈ Q˜(~x, ~y) (3.70)
with D˜, Q˜ given by Eqs. (3.10), (3.13).
As we already noted, the entanglement Hamiltonian in a free theory is quadratic,
HE =
∑

 a†a (3.71)
with coth2 /2 - eigenvalues of QAADAA, and QAA, DAA - restrictions of Q, D to region
A.14 By a similarity transform, coth2 /2 are also eigenvalues of the Hermitian operator
R = Q
1/2
AADAAQ
1/2
AA. Using (3.70),
R = Q˜
1/2
AA
(
VA
2mV
PA + D˜AA
)
Q˜
1/2
AA (3.72)
We can compute the spectrum of R perturbatively in m. Indeed, D˜(~x, ~y) scales as 1/Ld−1,
so the condition m 1/L implies that the zero mode term VA
2mV
PA dominates over D˜AA in
Eq. (3.72). (If the subsystem size ` is much smaller than the total system size L, then D˜AA
is given by Eq. (3.30), i.e. D˜AA(~x, ~y) ∼ 1/`d−1, so here we impose a slightly more stringent
condition, m  1
L
(
`
L
)d−1
). Thus, to leading order in m (O(m−1)), the spectrum of R is
identical to that of
R0 =
(
VA
2mV
)
Q˜
1/2
AAPAQ˜
1/2
AA (3.73)
We see that R0 is just the projector onto Q˜
1/2
AAv0. Thus, Q˜
1/2
AAv0 is an eigenvector of R0 with
eigenvalue
λ0 =
VA
2mV
vT0 Q˜AAv0 =
1
2mV
∫
A
ddxddy Q˜AA(~x, ~y) (3.74)
Repeating the calculation in Eqs. (3.29), (3.31), we have λ0 ∼ 1mV `d−1 log `  1. Hence,
0 in the entanglement Hamiltonian (3.71) corresponding to this mode, coth
2 0/2 = λ0, is
approximately
0 ≈ 2λ−1/20 (3.75)
The other eigenvectors of R0 are orthogonal to Q˜
1/2
AAv0 and have eigenvalue 0. We now use
degenerate perturbation theory compute the first (O(m0)) correction to these eigenvalues
from the D˜AA term in Eq. (3.72). We must diagonalize,
∆R = (1− P ′A)Q˜1/2AAD˜AAQ˜1/2AA(1− P ′A) (3.76)
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where
P ′A =
Q˜
1/2
AAPAQ˜
1/2
AA
tr(Q˜AAPA)
(3.77)
is the projector onto Q˜
1/2
AAv0. Performing a similarity transformation,
Q˜
1/2
AA ∆R Q˜
−1/2
AA =
[
Q˜AA − Q˜AAPAQ˜AA
tr(Q˜AAPA)
]
D˜AA
[
1− Q˜AAPA
tr(Q˜AAPA)
]
(3.78)
A further similarity transform with S = 1−PA + Q˜AAPAtr(Q˜AAPA) , S
−1 = 1 +PA− Q˜AAPAtr(Q˜AAPA) gives,
S−1Q˜1/2AA ∆R Q˜
−1/2
AA S =
[
Q˜AA − Q˜AAPAQ˜AA
tr(Q˜AAPA)
]
(1− PA)D˜AA(1− PA) (3.79)
which is precisely the operator U of Eq. (3.53) that determines the harmonic part of the
entanglement spectrum in the zero field case. Thus, we conclude that the entanglement
spectra at h = 0, and at finite h in the regime 1
ρsV
 m  1
L
are identical, except for the
lowest branch. The Renyi entropy at finite h then is
Sn = (N − 1)
[
1
2
log
λ0
4
+
log n
n− 1 +
∑

′
(
1
n− 1 (log sinh(n/2)− n log sinh(/2))− log 2
)]
(3.80)
where we’ve put the prime on the sum over  to remind the reader that only eigenvalues
coth2 /2 of operator U in Eq. (3.53) (with the zero mode removed), should be summed
over. Note that the only dependence of Sn on m comes from the log λ0 term in Eq. (3.80).
Therefore, we conclude,
Shn = (N − 1)Sfreen , m
1
ρsV
(3.81)
with
Sfreen = S
free
UV,n(L/a) + ∆S
free
n (mL) (3.82)
and
∆Sfreen =
1
2
log
1
mL
+ γfree,n, m 1
L
(
`
L
)d−1
(3.83)
where γfree,n is a geometric constant.
5 Note that here and below we present all expression
for a free theory with a single real scalar field. For a review of the scaling form of the UV
part of the entanglement entropy SfreeUV,n(L/a) see section III C.
Now, the difference of Renyi entropy at zero field, Eq. (3.60), and Renyi entropy in a
5 For a massive free theory in d = 3, the area law coefficient receives an additional singular contribution,
resulting in a further correction to the entanglement entropy δS ∼ m2A log(ma).7 However, this correction
is negligible in the regime mL 1, and hence does not appear in our results.
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finite field, Eq. (3.80) is,
Sh=0n − Shn =
N − 1
2
[
log
(
ρsmV
pi
)
− log n
n− 1
]
+ log |SN−1| (3.84)
The difference (3.84) is independent of the UV cut-off a. Therefore, we conclude that the
UV parts of the Renyi entropy at zero field and at finite field are the same, as expected:
Sh=0UV,n(L/a) = (N − 1)SfreeUV,n(L/a) (3.85)
In the appendix, we confirm Eq. (3.84) using a replica-method path integral calculation in
the non-linear σ-model, which serves as a futher check of the present results.
Before we conclude this section, we point out that the entanglement entropy in a free
theory diverges as the mass m→ 0 (see Eq. (3.83)). In the physical context of a system with
spontaneous symmetry breaking, the m→ 0 divergence is cut-off when m becomes of order
of the tower of states spacing (ρsL
d)−1, at which point Eq. (3.83) crosses over to the zero
field result, Eq. (3.62). Still, Eq. (3.83) naively appears to contradict previous works on free
(non-compact) theory,20 which found that the entanglement entropy in d > 1 remains finite
in the m → 0 limit (a weak log log(1/(m`)) divergence was found in d = 121). The source
of the apparent disagreement lies in the order of limits. Our result (3.83) assumes that m
is taken to zero first with the total system size L (and the subsystem size `) fixed. More
precisely, we’ve assummed m 1
L
( `
L
)d−1. On the other hand, the order of limits in Ref. 20
is L → ∞ first and then m → 0, with the subsystem size ` fixed. If this order of limits is
taken, then the massive propagator Eq. (3.69) in d > 1 reduces to D(~x) → Γ((d−1)/2)
4pi(d+1)/2
1
|~x|d−1 ,
becoming m-independent. Likewise, Q(~x, ~y) = D−1(~x, ~y) → −∇2D(~x, ~y) also becomes m-
independent. The entanglement spectrum and entanglement entropy can be deduced from
eigenvalues of QAADAA and remains finite in this limit:
lim
m→0
lim
L→∞
Sfreen = S
free
UV,n(`/a) + γSI,n (3.86)
with γSI,n depending only on the geometry of region A. In fact, this is the standard order
of limits taken so the correlation functions in a free theory cluster, and the theory becomes
scale invariant. For a 2d region with a smooth boundary (3d region with straight boundary),
Eq. (3.64) holds, and γSI is a fully universal geometric constant. Returning to the physical
theory, where the order parameter is compact, we again stress the non-commuting limits:
lim
L→∞
lim
h→0
Sn = (N − 1)SfreeUV,n(`/a) +
N − 1
2
log(ρs`
d−1) + γord,n (3.87)
lim
h→0
lim
L→∞
Sn = (N − 1)SfreeUV,n(`/a) + (N − 1)γSI,n (3.88)
Note that QAADAA is distinct from the operator U in Eq. (3.53), therefore, the harmonic
parts of entanglement spectra in the two limits (3.87) and (3.88) are different. Thus, there
does not appear to be a simple relation between the constants γord and γSI.
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IV. CONCLUSION
In this paper we have demonstrated the presence of logarithmic corrections to the en-
tanglement entropy in systems with spontaneous breaking of continuous symmetry. Such
corrections have been recently observed in Monte-Carlo simulations.13 Our result, Eq. (1.5)
gives the coefficient of the logarithmic divergence to be b = 1 in the case of a Heisenberg
antiferromagnet (N = 3) in two spatial dimensions. Presently, the Monte-Carlo simulations
give b = 0.74 ± 0.02.13 We believe that the difference between our exact result and the
Monte-Carlo comes from the difficulty in extracting a subleading correction to the Renyi
entropy in systems of relatively small size (up to 20× 20 lattice sites) studied in Ref. 13. In
addition to the coefficient of the logarithmic correction, we have also computed the constant
γord in Eq. (1.5) for the cylinder geometry studied in Refs. 13,19, see Fig. 1. The shape
of γord,n=2(`/L) that we obtain appears to be at least in qualitative agreement with the
Monte-Carlo results of Ref. 19.
A curious byproduct of our work is that the Renyi entropy of a free bosonic theory diverges
as the boson mass m → 0, see Eq. (3.83). This is a consequence of the shift symmetry of
the free massless theory φ→ φ+ const. If the field φ is non-compact, the symmetry group
is R. When one computes the expectation value of an operator O which is invariant under
the above symmetry,
〈O〉 =
∫
Dφψ∗(φ)Oψ(φ)∫
Dφψ∗(φ)ψ(φ)
(4.1)
the infinite factor of the group volume cancels between the numerator and denominator
(here, ψ(φ) is the ground state wave-function(al), which is invariant under φ→ φ+ const.).
However, when one computes the Renyi entropy, e.g.
S2 =
∫
DφADφBDφ
′
ADφ
′
B ψ(φA, φB)ψ
∗(φ′A, φB)ψ(φ
′
A, φ
′
B)ψ
∗(φA, φ′B)(∫
DφADφB ψ∗(φA, φB)ψ(φA, φB)
)2 (4.2)
the group volume no longer cancels - this is, essentially, the origin of the m→ 0 divergence
(3.83). If the field φ is compact then the m → 0 divergence is cut-off by the tower of
states energy spacing, giving our main result (1.5). Note that the divergence of the Renyi
entropy in the free non-compact scalar theory (3.83) is present in any dimension, including
d = 1. Thus, the famous result for the entanglement entropy of a free massless boson
in one dimension S = 1
3
logL/a implicitly assumes compactness of the boson field. The
compactification radius is secretly hidden in the short-distance cut-off a. We stress that the
m → 0 divergence (3.83) of the free non-compact theory is present only if one takes m to
zero, keeping the total system size L fixed. In the opposite limit, where one takes L → ∞
and then m → 0, keeping the subsystem size ` fixed, in d > 1 no divergence occurs, see
Eq. (3.86). Similarly, in a physical system with spontaneous symmetry breaking, the Renyi
entropy reflects the fact that the limits L→∞ and symmetry breaking field h→ 0 do not
commmute - see Eqs. (3.87), (3.88).
In addition to the Renyi entropy, in the present paper we have also studied the entan-
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glement spectrum of systems with spontaneous breaking of continuous symmetry. We have
shown that the “low-energy” part of the entanglement spectrum takes the same “tower of
states” form as the physical spectrum of the system. The level spacing of this universal
part of the entanglement spectrum scales with the system size as c/(ρsL
d−1 logL/a). These
findings are in agreement with recent DMRG studies in one and two spatial dimensions.15,16
In this paper, we have focused on systems exhibiting spontaneous breaking of O(N)
symmetry down to O(N−1) subgroup. It would be interesting to extend our results to other
continuous symmetries and patterns of symmetry breaking. We expect that the logarithmic
correction to the entanglement entropy in Eq. (1.5) is generically present with the coefficient
b = NG/2, where NG is the number of Goldstone modes (assuming that all the Goldstone
modes have a linear dispersion). One may also wonder what happens to the entanglement
spectrum in the general case. A particularly interesting example is that of non-collinear
magnetic order, where the spin rotation symmetry SO(3) is fully broken. Such a non-
collinear magnetic state is known to be realized by the Heisenberg model on the triangular
lattice and by the J1 − J2 model on the Kagome lattice with ferromagnetic next-to-nearest
neighbour exchange, J2 < 0. In this case, the tower-of-states spectrum of the physical
Hamiltonian is that of a “quantum top” and has a slightly more complex structure than
in the case of collinear magnetic order discussed in the present paper. Remarkably, recent
DMRG studies find that in this case the low-lying part of the entanglement spectrum again
mirrors the physical tower of states spectrum.22 We leave an analytical confirmation of this
result to future work.
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Appendix A: Replica method.
In this appendix, we calculate the entanglement entropy in the O(N) non-linear σ-model
using the replica method, finding complete agreement with the wave-function method of
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section III. We again start with the action (3.1). We choose the system geometry to be a
d-dimensional torus T d. For simplicity, we take all the directions of the torus to have length
L. We choose the subsystem A to be the cylindrical region ` < x < L, with x - one of the
directions of the torus. Unless otherwise noted, we assume the ratio `/L to be finite.
As is well known, the Renyi entropy Sn is given by
Sn = − 1
n− 1 log trρ
n
A = −
1
n− 1 log
Zn
Zn1
(A1)
where Zn is the partition function of the system on an n-sheeted Riemann surface.
1,2 For
the geometry considered here this surface is given by (τ, ~x) ∈ (0, nβ) × T d with β = 1/T -
the inverse temperature. The following identifications need to be made on this space:
(kβ+, ~x) ∼ ((k + 1)β−, ~x), 0 < x < `
(0+, ~x) ∼ (nβ−, ~x), ` < x < L (A2)
Above, 0 ≤ k ≤ n − 1 is an integer. Below, we will be interested in the low temperature
limit β  L.
To analyze the theory (3.1) we again use the representation (3.16). At lowest order in
energy expansion, the action (3.1) then becomes a free theory of the Goldstone modes ~pi,
S =
1
2
∫
ddxdτ(∂µ~pi)
2 (A3)
In writing Eq. (A3), we have lost the information about the compact nature of the order
parameter manifold. We will partially restore the compactness later in the calculation.
Thus,
logZn = −N − 1
2
tr log(−∂2)n (A4)
The operator (−∂2)n possesses a single zero mode on the n-sheeted Riemann surface corre-
sponding to constant ~pi(x), so it is more appropriate to write Eq. (A4) as,
logZn = S0 − N − 1
2
tr′ log(−∂2)n (A5)
where S0 is the zero mode contribution and the prime on the trace indicates that the zero
mode has been removed. We will see shortly that S0 carries the information about the
compactness of the order parameter. The trace in Eq. (A5) has a UV divergence, which
translates into the area-law term in the entanglement entropy. To eliminate this divergence,
we will consider the difference between the entanglement entropy in zero field and in a small
finite field h. Recall that the system in a field is described by the free non-compact massive
theory (3.67) as long as the field induced Goldstone mass m  1
ρsLd
. Thus, in this regime
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the difference of free energies in zero field and in a finite field is,
logZh=0n − logZhn = S0 −
N − 1
2
tr′ log(−∂2)n + N − 1
2
tr log((−∂2)n +m2) (A6)
Note that the contribution of eigenvalues λ2 of (−∂2)n with λ m cancels in Eq. (A6). As
in section III D, we will take m to lie in the range, 1
ρsLd
 m  1
L
, so that it is sufficient
to consider the contribution of eigenvalues λ  1
L
. Below, we will refer to eigenvalues
0 < λ 1
L
as quasi-zero modes.
Let us compute the spectrum of quasi-zero modes. We can label eigenstates of (−∂2)n
by momentum ~k‖ parallel to the boundary of subsystem A, which is quantized as ~k‖ = 2piL ~n‖,
~n‖ ∈ Zd−1. In each ~k‖ sector, (−∂2)n = (−∂2⊥)n + ~k2‖, where the operator (∂2⊥)n now acts
only in the two-dimensional (τ, x) space. Clearly, quasi-zero modes must have ~k‖ = 0. Let
us now focus on the behavior of quasi-zero modes in the (τ, x) plane. Here, we must deal
with the branch cuts at τ = kβ, 0 < x < `. The behavior of the eigenmodes in the vicinity
of the branch cuts is expected to be nontrivial. However, for |τ − kβ|  L, we expect
the eigenfunctions φ of −(∂2)n to approach a linear superposition of plane wave states,
φ ∼ eiωτ+2piinxx/L, nx ∈ Z. For the eigenvalue λ2 = ω2 + (2pinx/L)2 to be much smaller than
1/L2, we must choose nx = 0. Therefore, we expect the following asymptotic behavior of
quasi-zero modes with eigenvalue λ2 = ω2,
φ(τ, x) = A+k e
iω(τ−kβ) + A−k e
−iω(τ−kβ), τ − kβ  L, (k + 1)β − τ  L (A7)
Without loss of generality, we take ω > 0. To study the low temperature limit β  L it is
convenient to cut our Riemann surface into n separate sheets by defining
φk(τ, x) = φ(kβ + τ, x) (A8)
Here the variable k is defined modulo n. Each sheet has a branch-cut at τ = 0, 0 < x < `
and the sheets are glued together along these branch cuts,
φk(0
+, x) = φk+1(0
−, x), 0 < x < `
∂µφk(0
+, x) = ∂µφk+1(0
−, x), 0 < x < ` (A9)
At finite β, we should also glue the sheets via
φk(τ, x) = φk+1(τ − β, x) (A10)
However, since for |τ |  L, φk approaches the plane wave states (A7), we will take the τ
coordinate in each sheet to run from −∞ to ∞ and implement Eq. (A10) via a boundary
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condition,
φk(τ, x) = A
+
k e
iωτ + A−k e
−iωτ , τ →∞
φk(τ, x) = A
+
k−1e
iω(τ+β) + A−k−1e
−iω(τ+β), τ → −∞ (A11)
The corrections to this approximation are expected to be of order e−βL. Thus, we must solve
−∂2φk = ω2φk (A12)
subject to the boundary conditions (A9), (A11).
We may further simplify Eq. (A12) in the quasi-zero mode limit ω  1/L. Indeed, in the
vicinity of the branch points, we expect φ to vary on the length-scale L. Thus, the typical
contributions to the left hand side of Eq. (A12) are of order 1/L2 and we may set the right
hand side of Eq. (A12) to zero,
−∂2φk = 0 (A13)
We expect the approximation (A13) to hold as long a |τ |  1/ω. On the other hand, once
|τ |  L the asymptotic forms (A11) become valid, so we should solve Eq. (A13) subject to
the boundary conditions,
φk(τ, x) = (A
+
k + A
−
k ) + i(A
+
k − A−k )ωτ, τ →∞
φk(τ, x) = A
+
k−1e
iωβ + A−k−1e
−iωβ + i(A+k−1e
iωβ − A−k−1e−iωβ)ωτ, τ → −∞ (A14)
together with the gluing condition (A9).
We can solve the Laplace equation (A13) using conformal mapping. Let us define z =
x + iτ on each sheet of the Riemann surface. Topologically, each sheet is a cylinder due
to the periodicity of x. We begin by mapping each cylinder to a complex plane using
w = e2piiz/L. This maps the branch cut at τ = 0, 0 < x < ` to an arc of a unit circle with
angle 0 < θ < 2pi`/L. Moreover, τ = ∞ is mapped to the origin and τ = −∞ to the point
at infinity. Next, we apply the following map to each sheet,
ζ = e−pii`/L
w − e2pii`/L
1− w (A15)
This maps the branch cut into the positive x-axis. Moreover, τ = ±∞ is now mapped to
−e±pii`/L. Finally, we map the n-sheets into a single sheet using s = ζ1/n. More precisely,
for ζ on the k-th sheet with ζ = reiθ, r > 0, 0 < θ < 2pi, we define ζ1/n = r1/nei(θ+2pik)/n.
With this definition and the gluing (A9), there are no branch cuts in the s plane. Note
that the points τ = ±∞ on the kth sheet now map into s±k = epii(2k+1±`/L)/n. The boundary
conditions (A14) imply logarithmic divergences for s → s±k . Note that these are the only
singularities that can occur in the s-plane, including the point s =∞. Indeed, s =∞ is the
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image of the branch point τ = 0, x = 0 at which we expect no singularity. Therefore,
φ(s) =
∑
k
(
c+k log |s− s+k |+ c−k log |s− s−k |
)
+ C, (A16)
Note that the absence of a singularity at s =∞ implies,∑
k
(
c+k + c
−
k
)
= 0 (A17)
The solution (A16) has the following asymptotic behavior as τ → ±∞ on kth sheet,
φk(τ, x)
τ→∞→ −2piτ
L
c+k + log
(
2
n
sin(pi`/L)
)
c+k +
∑
l 6=k
c+l log |s+k − s+l |+
∑
l
c−l log |s+k − s−l |+ C,
φk(τ, x)
τ→−∞→ 2piτ
L
c−k + log
(
2
n
sin(pi`/L)
)
c−k +
∑
l
c+l log |s−k − s+l |+
∑
l 6=k
c−l log |s−k − s−l |+ C
(A18)
Imposing the boundary conditions (A14) we obtain,
c+k =
−iωL
2pi
(A+k − A−k ) (A19)
c−k =
iωL
2pi
(A+k−1e
iωβ − A−k−1e−iωβ) (A20)
and
A+k + A
−
k − C = log
(
2
n
sin(pi`/L)
)
c+k +
∑
l 6=k
c+l log |s+k − s+l |+
∑
l
c−l log |s+k − s−l |
A+k−1e
iωβ + A−k−1e
−iωβ − C = log
(
2
n
sin(pi`/L)
)
c−k +
∑
l
c+l log |s−k − s+l |+
∑
l 6=k
c−l log |s−k − s−l |
(A21)
Note that from (A20) the right-hand side of Eq. (A21) is suppressed compared to the left-
hand side by a factor of ωL, and at leading order may be dropped. Thus, we must solve
A+k + A
−
k = C (A22)
A+k−1e
iωβ + A−k−1e
−iωβ = C (A23)
(1− eiωβ)
∑
k
A+k − (1− e−iωβ)
∑
k
A−k = 0 (A24)
Here, Eq. (A24) comes from the condition (A17). To further simplify the above equations,
we observe that our original problem is symmetric under the time translation τ → τ + β,
which generates a cyclic permutation of the n sheets. In the s plane it maps s → e2pii/ns.
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We choose φ to be an eigenstate of this symmetry with eigenvalue e2piip/n, which implies,
A±k = A
±e2piipk/n (A25)
For p 6= 0, the symmetry also constrains C = 0. Moreover, in this case Eq. (A24) is
trivially satisfied. Then, solving Eqs. (A22),(A23) we obtain A+ = −A− and the condition
sin(ωβ) = 0, i.e.
ω =
pij
β
, j ∈ N, p 6= 0 (A26)
Thus, for “momentum” p 6= 0, one mode is present for each j in Eq. (A26). On the other
hand, for p = 0, we obtain C = A+ + A− and eiωβ = 1, i.e.,
ω =
2pij
β
, j ∈ N, p = 0 (A27)
In this case, A+ and A− are independent, so two modes are present for each j in Eq. (A27).
The explicit form of the corresponding eigenstates is,
φ = A+ + A− − iωL
2pi
(A+ − A−)
∑
k
log
∣∣∣∣s− s+ks− s−k
∣∣∣∣ = A+ + A− + iωτ(A+ − A−) (A28)
We have inverted the conformal mapping in the last step. Upon continuing Eq. (A28) from
|ωτ |  1 to the full range of τ we obtain,
φ = A+eiωτ + A−e−iωτ (A29)
For ω satisfying (A27), Eq. (A29) is actually the exact eigenstate of −∂2 on the n-sheeted
surface. In contrast, the solutions with p 6= 0 that we’ve constructed are not exact. The
leading correction to these eigenstates can be calculated by keeping the terms on the right-
hand side of Eqs. (A21). This gives an O(L/β) corrections to the eigenvalues (A26). We
have verified that these corrections do not modify any of the leading order results below for
the Renyi entropy.
We are now ready to compute the difference of partition functions (A6). We begin with
the zero mode contribution S0. Physically, the presence of the zero-mode indicates the
degeneracy of the vacuum manifold. Indeed, in Eq. (3.16) we have expanded our field ~n
around a fixed direction. However, at h = 0, we should integrate over all directions of ~n.
Thus, S0 should be converted into an integral over the order parameter manifold. Locally
the manifold can be parameterized by
~pi(x) = ~pi0 (A30)
and
S0 =
∫
dN−1~pi0
√
detg (A31)
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with the metric
gab =
1
2pi
∫
ddxdτ
∂~pi(x)
∂pia0
· ∂~pi(x)
∂pib0
=
nβLd
2pi
δab (A32)
Thus,
S0 =
(
nβLd
2pi
)(N−1)/2 ∫
dN−1~pi0 ≈
(
nβρsL
d
2pi
)(N−1)/2 ∫
d~n =
(
nβρsL
d
2pi
)(N−1)/2
|SN−1|
(A33)
where we have gone from a local integral over ~pi0 to a global integral over the order parameter
orientation ~n.
Next, consider the contribution of quasi-zero modes,
logZqz,h=0n − logZqz,hn = −
N − 1
2
(tr′ log(−∂2n)− tr′ log((−∂2)n +m2))
= −N − 1
2
[
(n− 1)
∞∑
j=1
(
log(pij/β)2 − log ((pij/β)2 +m2))
+ 2
∞∑
j=1
(
log(2pij/β)2 − log ((2pij/β)2 +m2)) ] (A34)
The first sum in the square brackets gives the contribution of modes (A26) with p 6= 0,
while the second sum gives the contribution of modes (A27) with p = 0. Using the standard
relation,
−1
2
∞∑
j=−∞
(
log((2pij/β)2 + ω2)− log((2pij/β)2 + ω′2) = logZho(ω, β)− logZho(ω′, β) (A35)
where Zho(ω, β) is the partition function of a harmonic oscillator with frequency ω at inverse
temperature β,
Zho =
1
2 sinh(βω/2)
(A36)
we obtain in the limit βm 1,
logZqz,h=0n − logZqz,hn = −
N − 1
2
(−nβm+ (n+ 1) log(βm) + (n− 1) log 2) (A37)
Combining (A37) with (A33) and taking the contribution of the zero mode to the second
trace in Eq. (A6) into account, we obtain
logZh=0n − logZhn =
N − 1
2
[
nβm+ log(nρsL
d/(2piβ))− (n− 1) log(2βm)]+ log |SN−1|
(A38)
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which gives the difference of Renyi entropies,
Sh=0n − Shn = −
1
n− 1
(
log
Zh=0n
(Zh=01 )
n
− log Z
h
n
(Zh1 )
n
)
=
N − 1
2
[
log(ρsL
dm/pi)− log n
n− 1
]
+ log |SN−1| (A39)
Eq. (A39) exactly agrees with our result (3.84) obtained using the wave-function method.
Recall that Shn is just the Renyi entropy of a free massive theory, whose scaling form is
given by Eq. (3.82). Thus, from the difference (A39) we can obtain the scaling form for the
entanglement entropy in zero field, Eq. (1.5).
Before we conclude this section, we note that our path-integral calculation above is strictly
justified only for temperature much greater than the tower of states energy spacing, T 
∆tower ∼ 1ρsLd . This can be seen from studying the physical free energy F (T ) = − 1β logZ1.
Observe that Eq. (A38) gives,
(F (T )−F (0))|h=0 ≈ (F (T )−F (0))|h=0−(F (T )−F (0))|h = −T
(
N − 1
2
log
ρsL
dT
2pi
+ log |SN−1|
)
(A40)
where the first approximate equality holds as we are only considering temperatures T 
m. Eq. (A40) is in agreement with the free energy of the physical Hamiltonian (3.5) for
T  1/(ρsLd), but not for T  1/(ρsLd), where the physical F (T )− F (0) is exponentially
suppressed (note that in the temperature range T  1/L considered here, only the tower
of states sector, Eq. (3.6), contributes to the free energy). The technical reason for the
disagreement between the present path-integral treatment and the Hamiltonian calculation
is that the former takes the compactness of the order parameter into account only in the
treatment of zero modes, whereas the finite frequency modes are still described by a non-
compact free boson theory. This approximation is reliable for T  1/(ρsLd) where the
fluctuations of ~n corresponding to the finite frequency modes are small, but breaks down for
T below 1/(ρsL
d) where these fluctuations are large. However, we observe that while our
free energy has an unphysical temperature dependence for T  1/(ρsLd), this temperature
dependence disappears in the expression for the Renyi entropy (A39). Thus, one may guess
that the result (A39) is correct not only for 1/(ρsL
d)  T  c/L, but actually for all
T  c/L. This is confirmed by the zero temperature wave-function calculation of section
III. Furthermore, in appendix B we furthter confirm this by a replica method calculation
for the special case N = 2, where the compactness of the order parameter manifold can be
taken into account exactly for all temperatures.
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Appendix B: Replica method calculation of Renyi entropy for N = 2 at T = 0
In this appendix we show that Eq. (A39), indeed, remains correct at T = 0 by an explicit
calculation in the case N = 2. Here, we may use the angular representation
~n = (cosφ, sinφ) (B1)
with the action,
S =
ρs
2
∫
ddxdτ(∂µφ)
2 (B2)
The compactness of the order parameter manifold is now expressed through the identification
φ ∼ φ+ 2pi.
Since the theory (B2) is free, we can simply repeat our previous calculation of the entan-
glement entropy. The only additional complication is that we should restore the periodicity
of the variable φ. This is accomplished by summing over all winding number configura-
tions of φ. More precisely, each field configuration on the n-sheeted Riemann surface is
characterized by the winding numbers rk, with∫ (k+1)β
kβ
dτ ∂τφ(τ, x) = 2pirk, 0 < x < ` (B3)
and ∫ nβ
0
dτ ∂τφ(τ, x) = 2pi
∑
k
rk, ` < x < L (B4)
Here we are assuming that the field φ(τ, x) has no vortices in the (τ, x) plane, also known as
phase-slips. Such phase-slips have an action proportional to Ld−1 and are, hence, exponen-
tially suppressed.6 Ordinary spatial vortices are also exponentially suppressed as T → 0.
Any field in the sector with a given set of winding numbers may be written as
φ(x) = φr(x) + δφ(x) (B5)
Here, φr is a reference field carrying winding numbers {rk} and δφ(x) is a field with all
winding numbers equal to zero. We choose φr to satisfy
∂2φr = 0 (B6)
We will discuss the solution to this equation shortly. Then
S[φ] = S[φr] + S[δφ] (B7)
6 The phase-slips are also often suppressed by lattice symmetries.
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Thus, we may perform the integral over δφ, to obtain
Zh=0n = Z
r=0
n Wn (B8)
with
Wn =
∑
r
e−S[φr] (B9)
We have already computed the partition function Zr=0n in the zero winding number sector -
it is given by Eq. (A38). It remains to compute S[φr].
Let us solve Eq. (B6) in a sector with winding numbers {rk}. We take φ(x) to be
independent of the variables along the subsystem boundary and focus on the (x, τ) plain.
We again introduce fields φk via Eq. (A8). As before the fields are glued along the branch-
cuts at τ = kβ using Eq. (A9). However, to introduce the winding numbers instead of
Eq. (A10) we now impose,
φk(τ) = φk+1(τ − β) + 2pirk (B10)
As before, we work in the limit β  L, such that the τ variable in each sheet runs from
(−∞,∞). The solution to the Laplace equation with the above boundary conditions is then
given by Eq. (A16). In the present case, we may set C = 0 (a finite C can be absorbed into
δφ). Using the expansion (A18) and imposing boundary conditions (A9), (B10) we find,
c−k = −c+k−1 (B11)
and
c+k = −
L
β
rk +O
(
L2
β2
)
(B12)
Note that due to the relation (B11), the constraint (A17) is automatically satisfied.
We are now ready to calculate the action S[φr] in each winding number sector. We may
write,
S[φr] =
ρsL
d−1
2
∫ nβ
0
dτ
∫ L
0
dx(∂µφ)
2 =
ρsL
d−1
2
∑
k
∫ β/2
−β/2
dτ
∫ L
0
dx(∂µφk)
2 (B13)
Here we’ve broken up the integral into contributions from each sheet. We now integrate by
parts and use Eq. (B6) to reduce Eq. (B13) to an integral over the boundary of each sheet,
S[φr] =
ρsL
d−1
2
∑
k
∫
k
dSµ φk∂µφk
=
ρsL
d−1
2
∑
k
(∫ L
0
dx((φk∂τφk)(x, β/2)− (φk∂τφk)(x,−β/2)) (B14)
−
∫ `
0
((φk∂τφk)(x, 0
+)− (φk∂τφk)(x, 0−))
)
(B15)
37
The contribution (B15) comes from the cuts at τ = kβ and vanishes by Eq. (A9). On the
other hand, using Eq. (B10), the contribution (B14) becomes
S[φr] =
ρsL
d−1
2
∑
k
(2pirk)
∫ L
0
dx ∂τφk(x, β/2) =
ρsL
d−1
2
∑
k
(2pirk)
(−2pic+k ) ≈ ρsLd2β ∑
k
(2pirk)
2
(B16)
where we’ve used Eqs. (A18),(B12) and dropped a correction of order L/β in the last step.
Therefore, the winding number factor Wn in Eq. (B9) satisfies,
Wn ≈ νn(e−2pi2ρsLdT ) (B17)
with ν(q) =
∑∞
r=−∞ q
r2 - the Jacobi theta function. Observe that
Wn
W n1
= 1 +O(L/β) (B18)
Hence, the winding number contribution does not to leading order modify our previous result
for the entanglement entropy Eq. (A39) for T  1/L. On the other hand, the partition
function on the n-sheeted Riemann surface is modified by the inclusion of Wn,
logZh=0n − logZhn N=2=
1
2
(
nβm+ log(nρsL
d/β)− (n− 1) log(2βm)
+ 2n log ν(exp(−2pi2ρsLdT )) + log(2pi)
)
(B19)
In the limit, T  1
ρsLd
, Wn → 1 and the partition function (B19) reduces to our previous
result (A38) as expected. However, using the identity ν(exp(−α)) = √pi/α ν(exp(−pi2/α)),
we may also rewrite Eq. (B19) as,
logZh=0n − logZhn =
1
2
(
nβm− (n− 1) log(4piρsLdm) + log n+ 2n log ν(exp(−1/(2ρsLdT )))
)
(B20)
so that for T  1/(ρsLd),
logZh=0n − logZhn →
1
2
(
nβm− (n− 1) log(4piρsLdm) + log n
)
(B21)
Thus, we see that the singular logarithmic dependence of (A38) in the limit T → 0 disappears
once the sum over winding numbers is performed.
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